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A theory of Bose-Einstein condensation of light in a dye-filled optical microcavity is presented.
The theory is based on the hierarchical maximum entropy principle and allows one to investigate the
fluctuating behavior of the photon gas in the microcavity for all numbers of photons, dye molecules,
and excitations at all temperatures, including the whole critical region. The master equation de-
scribing the interaction between photons and dye molecules in the microcavity is derived and the
equivalence between the hierarchical maximum entropy principle and the master equation approach
is shown. The cases of a fixed mean total photon number and a fixed total excitation number are
considered, and a much sharper, nonparabolic onset of a macroscopic Bose-Einstein condensation of
light in the latter case is demonstrated. The theory does not use the grand canonical approximation,
takes into account the photon polarization degeneracy, and exactly describes the microscopic, meso-
scopic, and macroscopic Bose-Einstein condensation of light. Under certain conditions, it predicts
sub-Poissonian statistics of the photon condensate and the polarized photon condensate, and a uni-
versal relation takes place between the degrees of second-order coherence for these condensates. In
the macroscopic case, there appear a sharp jump in the degrees of second-order coherence, a sharp
jump and kink in the reduced standard deviations of the fluctuating numbers of photons in the
polarized and whole condensates, and a sharp peak, a cusp, of the Mandel parameter for the whole
condensate in the critical region. The possibility of nonclassical light generation in the microcavity
with the photon Bose-Einstein condensate is predicted.
PACS numbers: 05.30.Jp, 42.50.Ar, 67.85.Hj, 03.75.Hh
I. INTRODUCTION
The aim of this paper is to give a detailed descrip-
tion of the theory of Bose-Einstein condensation (BEC)
of light in a dye-filled optical microcavity, a new phys-
ical phenomenon that was experimentally observed in
2010 [1]. This observation is an important achievement
in the study of critical phenomena in optical systems [2–
9] and has attracted considerable interest [10–19]. In the
experiment, a microcavity composed of two highly re-
flecting spherical dielectric mirrors is filled with a dye
solution and confines photons, which are repeatedly ab-
sorbed and reemitted by dye molecules. In the microcav-
ity, we have a photon gas that continuously interacts with
the dye solution, and the photon gas can undergo BEC
under certain conditions, which reflects in a macroscopic
accumulation of photons in the ground cavity mode.
The theory of the light BECwas developed in 2012 [14].
It is based on the hierarchical maximum entropy princi-
ple [11] and describes the microscopic, mesoscopic, and
macroscopic BEC of photons at all temperatures, includ-
ing the whole critical region. The theory presented here
generalizes that of Ref. [14] to the case of an arbitrary
number of excitations, which can even exceed the num-
ber of dye molecules in the microcavity. In addition to
the hierarchical maximum entropy principle, an alterna-
tive approach to the light BEC—the master equation
∗ sobyanin@lpi.ru
approach—is developed and the equivalence of the two
approaches is demonstrated. Finally, the light BEC is
considered not only in the case of a fixed mean total
photon number but also in the case of a fixed total exci-
tation number. The theory allows one to fully determine
the statistical properties of the photon gas and, in par-
ticular, to study fluctuations of different cavity modes,
including the condensate and polarized condensate, and
fluctuations of the photon gas as a whole. Significantly,
the theory does not use the grand canonical approxima-
tion and consistently takes into account the photon po-
larization degeneracy and the interaction of all the cavity
modes with dye molecules. The theory predicts the uni-
versal relation between the degrees of second-order coher-
ence for the polarized photon condensate and the whole
photon condensate. Moreover, it predicts sub-Poissonian
photon statistics for these condensates under certain con-
ditions, thereby implying that the photon Bose-Einstein
condensate can be used as a new source of nonclassical
light. It would be interesting to observe the predictions
of the theory experimentally.
This paper is organized as follows: In Sec. II, the en-
ergy spectrum of an optical microcavity is presented, its
quantum interpretation is given, and the polarized and
whole photon condensates are defined. In Sec. III, quan-
tum states of the system of photons and dye molecules
interacting with each other in the microcavity are de-
scribed and excitations the number of which is conserved
during the interaction are defined. In Sec. IV, the hi-
erarchical maximum entropy principle is briefly outlined
and then applied to the system to investigate its fluc-
2tuating behavior; viz., the probability distribution of the
system over all quantum states is determined, from which
the probability distribution of the photon gas over Fock
states and that of the subsystem of dye molecules over
the numbers of ground-state and excited molecules are
derived. In Sec. V, the master equation directly describ-
ing the interaction between photons and dye molecules
in the microcavity is obtained and the equivalence be-
tween the hierarchical maximum entropy principle and
the master equation approach is shown. In Sec. VI, fluc-
tuations of the photon gas are investigated in more detail:
the probability distributions of the number of photons in
the whole photon gas, in each cavity mode, and at each
energy level are found and the probability distributions
of the number of photons in the condensate and polar-
ized condensate are obtained from the above distribu-
tions as a special case. In Sec. VII, the universal relation
between the degrees of second-order coherence for the
polarized and whole photon condensates is derived. In
Sec. VIII, an analogy is drawn between the light BEC
in an optical microcavity and the usual atomic BEC in
a two-dimensional harmonic trap and the critical tem-
perature and temperature dependence of the condensate
fraction in the thermodynamic limit are derived from this
analogy. In Sec. IX, the cases of a fixed mean total pho-
ton number and a fixed total excitation number are con-
sidered, the temperature dependence of the condensate
fraction, photon fraction, critical temperature, degrees
of second-order coherence, Mandel parameters, and re-
duced standard deviations for the polarized and whole
photon condensates in the microscopic, mesoscopic, and
macroscopic cases is discussed, and the possibility of sub-
Poissonian photon statistics for the condensates is under-
lined. In Sec. X, concluding remarks are given and future
prospects are outlined.
II. CAVITY SPECTRUM
Consider an optical cavity composed of two mirrors
with a radius of curvature R that are separated by a
distance D0. The cavity is filled with a dye solution with
a refractive index n0, which determines the speed of light
in the medium, c0 = c/n0. The frequency spectrum of
the cavity with D0 < R is [20–25]
ν
νf
= q0 +
m+ n+ 1
pi
arccos
(
1− D0
R
)
, (1)
where ν is a mode frequency, νf = c0/2D0 is the cav-
ity free spectral range, the frequency spacing between
successive longitudinal resonances, q0 is a longitudinal
mode number, equal to the number of half wavelengths
fitting into the mirror spacing in the case of longitudi-
nal resonance, and m and n are nonnegative transverse
mode numbers. In the experiment [1], R ≈ 1 m whereas
D0 ≈ 1.46 µm. Since D0 ≪ R, we can use in Eq. (1) the
asymptotic formula arccos(1 − x) ≈ √2x for a nonnega-
tive x≪ 1 and write
~ω = q0~ωf + (m+ n+ 1)~Ω, (2)
where ω = 2piν, ωf = 2piνf, and
Ω = c0
√
2
D0R
. (3)
Experimentally, the mirror spacing is so small that the
free spectral range of the optical microcavity is compa-
rable to the spectral width of the dye. In this case, the
emission of photons with a fixed longitudinal number q0
dominates, and the cavity field is a set of TEMmn modes
corresponding to q0.
Note that the last term on the right-hand side of
Eq. (2) coincides with the spectrum of a two-dimensional
quantum harmonic oscillator with frequency Ω. With
this observation, we can look at the spectrum (2) from
another perspective: In the paraxial approximation [26],
we have
~ω −mphc20 = H, (4)
where
H =
p2ph
2mph
+
mphΩ
2r2
2
(5)
is the Hamiltonian of a two-dimensional harmonic oscil-
lator with frequency Ω given by Eq. (3), pph = ~k⊥ is
a transverse photon momentum, k⊥ is a transverse wave
number, r is a distance from the optical axis, and
mph =
pi~q0
c0D0
(6)
is an effective photon mass formally defined by the rela-
tion mphc
2
0 = q0~ωf. Thus, the cavity induces a photon
mass and provides a harmonic potential, thereby playing
the role of a two-dimensional harmonic trap for massive
photons; Ω is the trap frequency.
The quantization procedure for the Hamiltonian (5)
yields the following eigenvalues:
Hˆ = (m+ n+ 1)~Ω, (7)
where the nonnegative quantum numbers m and n are
exactly the transverse mode numbers entering in Eq. (2);
they are the eigenvalues of Hamiltonians Hˆx and Hˆy for
one-dimensional oscillations along two mutually orthogo-
nal directions in the plane orthogonal to the optical axis:
Hˆx =
(
m+
1
2
)
~Ω, Hˆy =
(
n+
1
2
)
~Ω,
with Hˆ = Hˆx + Hˆy. From Eqs. (4) and (7) we get
~ω = ~ω0 + (m+ n)~Ω, (8)
where
~ω0 = mphc
2
0 + ~Ω (9)
3is the energy of a ground-mode photon, a photon in the
TEM00 mode. The spectrum (8) coincides with that
given by Eq. (2).
In addition to the two nonnegative transverse quantum
numbers m and n, there exists a polarization quantum
number p that takes on the value 0 or 1 and denotes one
of the two photon polarizations. It follows from Eq. (8)
that the microcavity has a discrete equidistant energy
spectrum such that the energy and degeneracy of the
kth level are
~ωk = ~ω0 + k~Ω (10)
and
gk = 2(k + 1), (11)
respectively; 2 in Eq. (11) reflects the twofold photon
polarization degeneracy.
A photon in the TEMmn mode and with polariza-
tion p, which will be called a mode-mnp photon, has
energy ~ωm+n. A set of mode-mnp photons constitute
mode mnp. It is convenient to somehow number all the
modes with the same energy. We can then characterize
every mode by two quantum numbers: the number k of
the energy level and the number i of the mode. A possi-
ble way to do this is to arrange all the modes mnp with
a fixed k = m+n in increasing order of m and then each
two modes with a fixedm in increasing order of p, so that
mode mnp has number i = 2m + p. Thus, we will deal
with mode ki instead of mode mnp, and a mode-mnp
photon becomes a mode-ki photon, with k = m+ n and
i = 2m + p. For any given k, the mode number lies in
the range
0 6 i 6 gk − 1. (12)
The photon condensate is a set of photons with min-
imum energy. These condensate photons are ground-
mode photons, which have energy ~ω0 (9). The ground
state is degenerate and consists of photons of two po-
larizations. In this connection, we additionally define
a polarized ground-mode photon, a ground-mode pho-
ton of a definite polarization, and consider a polarized
photon condensate, a set of polarized ground-mode pho-
tons. The whole photon condensate is then a mixture
of two polarized photon condensates, the first compris-
ing mode-00 photons and the second comprising mode-
01 photons. The two polarized condensates obviously
have the same statistical properties, but as we will see
below, the properties of a polarized condensate differ sig-
nificantly from those of the condensate considered as a
whole. Incidentally, we may mention an analogy with
BEC of quasiequilibrium magnons experimentally ob-
served in thin yttrium-iron-garnet films under microwave
pumping at room temperature [27, 28]: the lowest-energy
magnon state is twofold degenerate, and the magnon con-
densate consists of two components with the same fre-
quency but with opposite wavenumbers [29].
III. SYSTEM STATES
We can consider the microcavity with photons and dye
molecules as composed of two interacting subsystems.
The first subsystem is the photon gas. To characterize
its state, consider a set {nki} of the numbers of photons
in all cavity modes, with nki being the number of mode-
ki photons. Were all these photon numbers constant, we
would have the photon gas in a Fock state |ph〉, which is
given by a vector composed of the numbers of photons in
each mode:
|ph〉 = |{nki}〉.
In general, these numbers are not constant and fluctuate
due to repeated absorption and reemission of photons
by dye molecules. We may thus find the photon gas in
the Fock state |ph〉 only with a probability pi|ph〉. To
investigate statistical properties of the photon gas and
describe its BEC, we should derive the probability dis-
tribution {pi|ph〉}.
The second subsystem is the dye solution, which con-
sists of a solvent and a number of dye molecules, nd.
Some dye molecules are in the ground singlet electronic
state S0, the rest are in the first excited singlet electronic
state S1. Let us enumerate all the dye molecules. We
can then characterize the state of the subsystem of dye
molecules by an nd-dimensional vector
|d〉 = |{dj}〉,
where dj , 1 6 j 6 nd, is 0 or 1 if the jth dye molecule
is, respectively, in the ground or first excited singlet elec-
tronic state. If the number of dye molecules of the first
kind is n0|d〉 and the number of dye molecules of the sec-
ond kind is n1|d〉, then
nd = n
0
|d〉 + n
1
|d〉, (13)
with
n1|d〉 =
nd∑
j=1
dj . (14)
Consider the whole system. Its state is determined by
the states of the subsystems and hence is characterized
by a joint state vector
|d, ph〉 = |{dj}, {nki}〉.
Because of interaction between the subsystems, this vec-
tor fluctuates and has a probability distribution {pi|d,ph〉}.
A ground-state molecule can absorb a photon and be-
come an excited molecule; conversely, an excited molecule
can emit a photon and become a ground-state molecule.
Denote by n|ph〉 the total photon number:
n|ph〉 =
∞∑
k=0
nk, (15)
4where
nk =
2k+1∑
i=0
nki (16)
is the number of photons at the kth energy level. We
can conveniently define excitations in the microcavity as
photons and excited dye molecules. The number of exci-
tations so defined is
nΣ = n
1
|d〉 + n|ph〉 (17)
and does not change during photon absorption and emis-
sion. In this sense, the photon gas and dye solution inter-
act exchanging excitations in a number-conserving way.
IV. HIERARCHICAL MAXIMUM ENTROPY
A. Premises
The microcavity is at a temperature T . A significant
feature is fast thermalization of the population of the
electronic states of dye molecules. Every dye molecule is
in contact with the solvent, which plays the role of ther-
mostat of temperature T . The typical thermalization
time is ∼ 1 ps at room temperature, the temperature in
the experiment [1], and is short compared with the typi-
cal fluorescence lifetime ∼ 1−10 ns [30–34]. We thus have
apparent separation of the time scales corresponding to
thermalization and fluorescence, so that photon emission
occurs from thermally equilibrated excited states.
The aforementioned fast thermalization and time-scale
separation allow us to consider the microcavity with
photons and dye molecules interacting with each other
as a generalized superstatistical system [35]. Such sys-
tems arise in the context of generalized superstatistics,
a “statistics of superstatistics,” and, as well as ordinary
superstatistical systems [36], are characterized by hierar-
chical structures of dynamics. The hierarchy is formed by
the decomposition of the system dynamics into different
dynamics on different spatiotemporal scales largely sep-
arated from each other. Different fluctuating parameters
correspond to different levels of dynamics of a generalized
superstatistical system. In our system, we have fluctu-
ations of the energy of dye molecules and those of the
state |d, ph〉 of the whole system. The former fluctua-
tions correspond to fast thermalization and are wholly
determined by the inverse temperature
β = (kBT )
−1. (18)
The latter fluctuations correspond to the interaction be-
tween the photon gas and dye solution, which reflects in
the repeated change in the numbers of ground-state and
excited dye molecules and photons in each cavity mode.
The inverse temperature (18) in itself does not fluctuate.
The probability distributions of the fluctuating pa-
rameters of a generalized superstatistical system can be
found using the hierarchical maximum entropy princi-
ple [11]. This principle generalizes the maximum en-
tropy approaches related to superstatistics [37–41] and
consists in arranging the levels of dynamics in increasing
order of dynamical time scale and consecutively maximiz-
ing the Boltzmann-Gibbs-Shannon entropy at each level.
In the context of the considered system, the hierarchical
maximum entropy principle is reduced to consideration
of thermalization of dye molecules, which corresponds to
maximization of the entropy at the lower dynamical level,
and subsequent maximization of the entropy of the whole
system.
B. Thermalization
Consider thermalization of dye molecules. Let g0(ε)
and g1(ε) be the density of rovibrational states for the
ground, S0, and first excited, S1, singlet electronic state,
respectively. When defining the density gi(ε), with i = 0
or 1, it is convenient to measure the molecular energy E
from the energy of the lowest-energy substate, Ei, corre-
sponding to the state Si: ε = E−Ei. The densities g0(ε)
and g1(ε) are zero for any negative ε and become positive
as ε passes through zero, so that gi(0) is the density of en-
ergy states near Ei. Because of thermalization, we have
for every dye molecule the Gibbs canonical distribution
ρi(E) =
e−βE
Zi
, (19)
where β is the inverse temperature (18),
Zi = e
−βEizi (20)
is the partition function, and
zi =
∫ ∞
0
e−βεgi(ε)dε (21)
is the reduced partition function, with i = 0 for a ground-
state dye molecule and 1 for an excited dye molecule.
Note that the distribution (19) is easily obtained by max-
imizing the entropy of a dye molecule,
si = −
∫ ∞
Ei
ρi(E) ln ρi(E) gi(E − Ei)dE, (22)
under the normalization condition and mean energy con-
straint [11]. From Eqs. (19)–(22) we obtain the entropy
si = ln zi − β
zi
dzi
dβ
(23)
and mean energy
ui = Ei − 1
zi
dzi
dβ
(24)
of a dye molecule.
5Equations (23) and (24) allow us to write the entropy
s|d〉 = n
0
|d〉s0 + n
1
|d〉s1 (25)
and mean energy
u|d〉 = n
0
|d〉u0 + n
1
|d〉u1 (26)
of the subsystem of all the dye molecules in a fixed
state |d〉.
The entropy of the photon gas in a fixed Fock state
|ph〉 is zero,
s|ph〉 = 0, (27)
and the corresponding energy is
u|ph〉 = n|ph〉~ω0 + u
⊥
|ph〉, (28)
where u⊥|ph〉 = ~Ωε|ph〉 is the transverse energy and
ε|ph〉 =
∞∑
k=0
knk (29)
is the reduced transverse energy, with nk defined by
Eq. (16). When deriving the energy u|ph〉 of the photon
gas, we use the cavity spectrum (10).
C. General fluctuations
1. Whole system
Now consider dynamics of the system as a whole. We
can express the entropy and mean energy of the whole
system in a fixed state |d, ph〉 via the quantities (25)-(28):
S|d,ph〉 = s|d〉 + s|ph〉, (30)
U|d,ph〉 = u|d〉 + u|ph〉.
However, |d, ph〉 fluctuates, and the entropy of the whole
system is given by
S = −
∑
|d,ph〉
pi|d,ph〉 lnpi|d,ph〉 +
∑
|d,ph〉
pi|d,ph〉S|d,ph〉. (31)
Writing
∑
|d,ph〉 implies summation over all states |d, ph〉
such that the total numbers of dye molecules and excita-
tions are fixed and that the numbers of ground-state dye
molecules, excited dye molecules, and photons in differ-
ent cavity modes are nonnegative and subject to Eqs. (13)
and (15)–(17) but otherwise arbitrary. To find the prob-
ability distribution {pi|d,ph〉}, we should maximize the en-
tropy (31) under the normalization condition
∑
|d,ph〉
pi|d,ph〉 = 1 (32)
and mean energy constraint∑
|d,ph〉
pi|d,ph〉U|d,ph〉 = U.
The condition of zero variation, δL = 0, for the Lagrange
function
L = S − (ν − 1)
∑
|d,ph〉
pi|d,ph〉 − β
∑
|d,ph〉
pi|d,ph〉U|d,ph〉
yields the probability of state |d, ph〉:
pi|d,ph〉 =
z
n0|d〉
0 z
n1|d〉
1
Z
exp[−β(ndE0 + n1|d〉~ωe + u|ph〉)],
(33)
where Z = eν is the partition function determined from
the normalization condition (32),
Z =
∑
|d,ph〉
z
n0|d〉
0 z
n1|d〉
1 exp[−β(ndE0 + n1|d〉~ωe + u|ph〉)],
(34)
~ωe = E1 − E0 (35)
is the energy spacing between the lowest-energy substates
of S0 and S1, and the photon gas energy u|ph〉 is given
by Eq. (28).
The probability pi|d,ph〉 is determined by Eq. (33) only
for the states |d, ph〉 described after Eq. (31). For all the
other states, pi|d,ph〉 ≡ 0. In this connection, we should
note that, by Eqs. (13) and (17), the numbers of ground-
state and excited dye molecules are in fact functions of
Fock state |ph〉, given nd and nΣ:
n0|d〉 ≡ n0|ph〉 = nd − nΣ + n|ph〉, (36)
n1|d〉 ≡ n1|ph〉 = nΣ − n|ph〉. (37)
Therefore, pi|d,ph〉 is a function of |ph〉,
pi|d,ph〉 ≡ p˜i|ph〉, (38)
where, by Eqs. (33), (36), and (37),
p˜i|ph〉 =
z
nd−nΣ+n|ph〉
0 z
nΣ−n|ph〉
1
Z
(39)
× exp{−β[ndE0 + (nΣ − n|ph〉)~ωe + u|ph〉]}.
2. Photon gas
Let |d|ph〉 be a state of the subsystem of dye molecules
given a fixed Fock state of the photon gas, |ph〉. The
distribution {pi|ph〉} is obtained by summing pi|d,ph〉 over
all states |d|ph〉:
pi|ph〉 =
∑
|d|ph〉
pi|d,ph〉. (40)
Summation not over all 2nd states |d〉 is due to the fact
that given |ph〉, not all states can be realized because of
the conservation of the total excitation number nΣ [see
Eq. (17)]. Equation (38) allows us to factor out pi|d,ph〉
from the sum:
pi|ph〉 = p˜i|ph〉W|ph〉, (41)
6where the number of states |d|ph〉,
W|ph〉 =
∑
|d|ph〉
1,
is given by the binomial coefficient
(
nd
n1
|d〉
)
, which is the
number of nd-digit binary numbers d1d2 · · · dnd with ex-
actly n1|d〉 unities; using Eq. (37) gives
W|ph〉 =
(
nd
nΣ − n|ph〉
)
. (42)
With Eqs. (39), (41), and (42), we obtain the prob-
ability distribution of the photon gas over Fock states,
{pi|ph〉}, which is the main result of the light BEC the-
ory:
pi|ph〉 = P
(
nd
nΣ − n|ph〉
)
rn|ph〉qε|ph〉 , (43)
where
P =
znd−nΣ0 z
nΣ
1
Z
exp[−β(ndE0 + nΣ~ωe)],
r =
z0
z1
exp[−β~(ω0 − ωe)], (44)
q = exp(−β~Ω), (45)
the partition function Z is given by Eq. (34), reduced
partition functions z0 and z1 by Eq. (21), inverse tem-
perature β by Eq. (18), energy spacing ~ωe by Eq. (35),
ground-mode photon energy ~ω0 by Eq. (9), trap fre-
quency Ω by Eq. (3), total photon number n|ph〉 by
Eq. (15), and reduced transverse energy ε|ph〉 by Eq. (29).
For any finite T > 0,
0 6 q < 1.
The normalization coefficient P can also be found directly
from the normalization condition∑
|ph〉
pi|ph〉 = 1
for the probability distribution {pi|ph〉}:
P =
[∑
|ph〉
(
nd
nΣ − n|ph〉
)
rn|ph〉qε|ph〉
]−1
. (46)
Recall that the numbers of photons and excited dye
molecules are not independent but subject to the condi-
tion (17). If all the dye molecules are in the ground state,
then all the excitations are photons. Therefore, the max-
imum photon number equals nΣ. If the number of exci-
tations does not exceed the number of dye molecules,
nΣ 6 nd, then all nΣ excitations can be excited dye
molecules and the corresponding minimum photon num-
ber is 0. If we have the opposite situation, nΣ > nd,
then the minimum photon number is positive and equals
nΣ − nd because at most nd dye molecules can be in the
excited state. The probability distribution {pi|ph〉} is thus
determined by Eq. (43) for all states |ph〉 such that the
total photon number n|ph〉 lies in the range
nphmin 6 n|ph〉 6 nΣ, (47)
where the minimum photon number is
nphmin = max{0, nΣ − nd}. (48)
Summation in Eq. (46) is performed only over these Fock
states. For all the other states, pi|ph〉 ≡ 0.
3. Dye solution
For completeness, consider fluctuations of the subsys-
tem of dye molecules. The conditional probability of
state |d〉 given |ph〉 is by definition
pi|d|ph〉 =
pi|d,ph〉
pi|ph〉
. (49)
Substituting Eq. (38) in Eq. (49) and comparing the lat-
ter to Eq. (41), we have
pi|d|ph〉 =W
−1
|ph〉, (50)
where W|ph〉 is given by Eq. (42). We see that all the
states |d|ph〉 are equiprobable.
In this connection, an alternative derivation of {pi|ph〉}
can be given, viz., the fluctuating Fock state |ph〉 can be
used as the parameter describing interaction between the
two subsystems. This approach was used in Ref. [14]. In
this case, |ph〉 replaces |d, ph〉 in the expression (31) for
the entropy S of the whole system, so that S directly
includes the probability distribution of the photon gas,
{pi|ph〉}, instead of that of the whole system, {pi|d,ph〉}. In
addition, S|d,ph〉 is replaced by the entropy S|ph〉 of the
whole system given |ph〉,
S|ph〉 = S˜|ph〉 + lnW|ph〉, (51)
where S˜|ph〉 is the entropy S|d,ph〉 considered as a function
of |ph〉 [see Eqs. (25), (27), (30), (36), and (37)],
S˜|ph〉 ≡ S|d,ph〉 = (nd − nΣ + n|ph〉)s0 + (nΣ − n|ph〉)s1.
The entropy of the whole system corresponding to |ph〉
is greater than the same entropy corresponding to |d, ph〉
because the Fock state |ph〉 of the photon gas describes
the system in less detail than the state |d, ph〉 of the
whole system. The additional entropy is exactly the log-
arithm of the binomial coefficient W|ph〉 (42). This fact
reflects the Boltzmann principle, and W|ph〉 is the sta-
tistical weight equal to the number of microstates |d|ph〉
corresponding to the Fock macrostate |ph〉.
In the approach of Ref. [14], Eq. (51) is obtained using
obvious equiprobability of the distribution {pi|d|ph〉}. The
7approach described in the present paper is more complex
than that used in Ref. [14] because of additionally con-
sidering a more detailed distribution {pi|d,ph〉} and sub-
sequently summing over states |d|ph〉 with Eq. (40) to
obtain the probability distribution {pi|ph〉}, which is of
primary interest. However, it is more general in the sense
that equiprobability of {pi|d|ph〉} [Eq. (50)] is derived di-
rectly from the hierarchical maximum entropy principle.
Both the approaches give the same results.
Let |ph|d〉 be a Fock state of the photon gas given a
fixed state |d〉 of the subsystem of dye molecules. The
probability pi|d〉 that the subsystem is in the state |d〉 is
pi|d〉 =
∑
|ph|d〉
pi|d,ph〉. (52)
Choosing |d〉 fixes the total photon number: n|ph〉 = nΣ−
n1|d〉, with n
1
|d〉 given by Eq. (14). Denote by |phn〉 a Fock
state with n photons: n|phn〉 = n. Using Eq. (33), we
obtain from Eq. (52)
pi|d〉 = Qr
−n1|d〉anΣ−n1|d〉 , (53)
where
Q =
znd0
Z
exp[−β(ndE0 + nΣ~ω0)]
and
an =
∑
|phn〉
qε|ph〉 , n > 0. (54)
Every excited dye molecule can emit a photon and
make a transition to the ground state. Therefore, the
minimum number of excited dye molecules in the dye
solution is 0. The maximum number of excited dye
molecules is bounded above by the total number of dye
molecules, nd, but at the same time cannot exceed the
total excitation number nΣ if nΣ 6 nd. The probability
distribution {pi|d〉} is thus determined by Eq. (53) for all
states |d〉 such that the number of excited dye molecules
lies in the range
0 6 n1|d〉 6 n
e
max, (55)
where the maximum number of excited dye molecules is
nemax = min{nΣ, nd}.
For all the other states, pi|d〉 ≡ 0.
The normalization coefficientQ can also be determined
directly from the normalization condition
∑
|d〉
pi|d〉 = 1. (56)
We see from Eq. (53) that pi|d〉 in fact depends on the
number of excited dye molecules, n1|d〉, which means that
all the states |d〉 corresponding to the same n1|d〉 are
equiprobable. We again arrive at the equiprobability
condition (50). This condition makes it convenient in
Eq. (56) first to trivially sum over the states with fixed
n1|d〉 and then to sum over all possible n
1
|d〉 from the
range (55):
Q =
[ nemax∑
n=0
(
nd
n
)
r−nanΣ−n
]−1
. (57)
It remains to study the sums (54). This will be done
in Sec. VIA.
V. MASTER EQUATION
In Sec. IV, the theory of the light BEC was constructed
using the hierarchical maximum entropy principle. How-
ever, photons and dye molecules interact with each other
in the microcavity and a master equation can be written
with terms on the right-hand side directly describing this
interaction. Therefore, it should be possible to obtain the
results of the light BEC theory not only with the hier-
archical maximum entropy principle but also with the
master equation approach. The question naturally arises
about the equivalence of these two approaches. The con-
sideration of a simplified case when the ground mode
is coupled to a fixed number of dye molecules and the
photon polarization degeneracy is absent argues for the
equivalence: Applying the hierarchical maximum entropy
principle to the simplified system gives the same results
as those obtained from solving the corresponding master
equation [11]. It is natural to expect the same equiva-
lence when the above simplifications are not used. The
aim of this section is to obtain the master equation de-
scribing the interaction between photons in all the cavity
modes and dye molecules and to show the equivalence
of the hierarchical maximum entropy principle and the
master equation approach in the general case. Note that
the master equation approach was applied to the usual
atomic BEC [42–46], and consideration of this approach
in the context of the light BEC is interesting in itself.
Denote by |ph ki1〉 the state that differs from the state
|ph〉 only by the presence of one additional mode-ki pho-
ton and by |ph ki−1〉 the state that differs from the state
|ph〉 only by the absence of one mode-ki photon. Then
we can write the master equation
8p˙i|ph〉 = (nΣ − n|ph〉 + 1)
∞∑
k=0
2k+1∑
i=0
pi|phki−1〉R
10
kinki + (nd − nΣ + n|ph〉 + 1)
∞∑
k=0
2k+1∑
i=0
pi|ph ki1〉R
01
ki (nki + 1)
−(nΣ − n|ph〉)pi|ph〉
∞∑
k=0
2k+1∑
i=0
R10ki (nki + 1)− (nd − nΣ + n|ph〉)pi|ph〉
∞∑
k=0
2k+1∑
i=0
R01kinki, (58)
where R10ki and R
01
ki are, respectively, the rates (per dye
molecule per photon) for stimulated emission and absorp-
tion of mode-ki photons. In Eq. (58), we should formally
put pi|ph〉 ≡ 0 if an nki < 0 in |ph〉, if n|ph〉 < nphmin, or if
n|ph〉 > nΣ. The first and third terms on the right-hand
side of Eq. (58) correspond to spontaneous and stimu-
lated photon emission, and the second and fourth terms
correspond to photon absorption.
To observe the equivalence between the hierarchical
maximum entropy principle and the master equation
approach, we need not solve the master equation (58)
because the probability distribution {pi|ph〉} is already
known and given by Eq. (43). We should only check that
this {pi|ph〉} is the solution of the master equation. How-
ever, in contrast to the master equation, {pi|ph〉} does not
explicitly contain the stimulated photon emission and ab-
sorption rates. Therefore, we may expect that the latter
are related to each other. This relation can be obtained
by writing
R10ki = σ10(ωk)
Iki
~ωk
, R01ki = σ01(ωk)
Iki
~ωk
, (59)
where Iki is an effective intensity of mode ki per pho-
ton and σ10(ω) and σ01(ω) are, respectively, the cross
sections for stimulated emission and absorption. Under
the assumption that the populations of the rovibrational
degrees of freedom within both the ground and the first
excited electronic states of a dye molecule are thermally
equilibrated and are at the same temperature T , σ10(ω)
and σ01(ω) are related by [47]
σ10(ω)
σ01(ω)
=
z0
z1
exp[−β~(ω − ωe)]. (60)
Note that, for the validity of the relation (60), complete
thermal equilibrium is unnecessary (e.g., there may be
a population inversion between the ground and first ex-
cited electronic states), and it is sufficient that each elec-
tronic state is thermalized separately. Now, substituting
Eq. (43) in Eq. (58) and using Eqs. (59) and (60), we
can check that the probability distribution {pi|ph〉} deter-
mined with the hierarchical maximum entropy principle
is the stationary solution of the master equation. In this
sense, the hierarchical maximum entropy principle pro-
vides an alternative to the master equation approach. In
fact, the interaction between photons and dye molecules
is the dynamical reason for an increase in the entropy of
the system.
An attempt to use the master equation approach in
the context of the light BEC was made in Ref. [10]. Us-
ing the grand canonical approximation and neglecting
the twofold polarization degeneracy, the authors postu-
late that the photon condensate interacts with a reservoir
of M dye molecules so that the sum X of the number of
excited dye molecules and ground-mode photons is fixed;
at the same time, they assume that photons at higher
energy levels have the Bose-Einstein distribution. The
authors calculate the average condensate photon number
n¯0 as a function ofM and X by solving the master equa-
tion describing the interaction between dye molecules and
condensate photons. Then the authors calculate the av-
erage number of photons in the excited modes, n¯exc, from
the chemical potential, which is in turn determined from
the ratio (X − n¯0)/(M −X + n¯0), so that n¯exc is also a
function ofM and X . GivenM , the authors adjust X so
as to obtain a predetermined value of the average total
photon number n¯0 + n¯exc.
Unfortunately, the work [10] is incorrect. It is unphys-
ical to artificially fix the quantity X , which probabilis-
tically takes on all values from the range 0 6 X 6 nΣ
and is characterized by a probability distribution because
every ground-state dye molecule can absorb and every
excited dye molecule can emit not only a ground-mode
photon but also a photon with any energy from the cavity
spectrum at a nonzero temperature. This fixing results
in the distortion of the correct statistical properties of
the photon gas. An additional distortion is due to the
grand canonical approximation, which imposes a priori
constraints on the photon statistics. Significantly, the
master equation proposed in Ref. [10] not only does not
take account of the photon polarization degeneracy and
the interaction between dye molecules and photons in ex-
cited cavity modes—though both the former and the lat-
ter phenomena always take place—but also is incorrectly
written under the assumptions used in Ref. [10]: The
rates of stimulated photon emission and absorption are
wrongly assumed to be the products of the correspond-
ing Einstein coefficients and the spectral energy density
of the ground mode. The ideal microcavity has zero fre-
quency width and infinite spectral energy density of ev-
ery cavity mode, and the authors’ assumption leads to
infinite emission and absorption rates. This result im-
plies infinite intensity of the interaction and, hence, in-
finite speed of reaching equilibrium. The authors try to
sidestep this problem by artificially introducing a finite
damping in the ideal microcavity, which results in a fi-
nite spectral energy density due to small broadening the
mode energy. However, this attempt cannot be consid-
ered correct because the formulas for the rates used by
the authors are inapplicable to the case of small broad-
ening. Moreover, when calculating the rates, the authors
9erroneously use the Einstein coefficients that enter the
universal Stepanov relation between the absorption and
emission spectra of dye molecules [48]. Note that this
relation takes place for the spectral Einstein coefficients,
so that the dimensions of the left- and right-hand sides of
the master equation proposed in Ref. [10] do not coincide.
Thus, the erroneous consideration given in Ref. [10]
has no relation to the experimental situation of Ref. [1]
and leads the authors to wrong conclusions about the sta-
tistical properties of the system; note in this connection
an incorrect result of Ref. [10] about the Poisson con-
densate statistics at low temperatures [cf. Sec. IX]. The
master equation (58) does not contain the mistakes of
Ref. [10], takes into account the photon polarization de-
generacy and the interaction of all the cavity modes with
dye molecules, does not require using the grand canoni-
cal approximation, and is not restricted to the thermo-
dynamic limit.
VI. PHOTON GAS FLUCTUATIONS
General fluctuations of the whole system, photon gas,
and dye solution have been investigated in Sec. IV and
are given by Eqs. (33), (43), and (53), respectively. Since
it is the behavior of the photon gas that is primary im-
portance for us, we will consider in this section fluctu-
ations of the photon gas in more detail. Starting from
the main formula (43), which represents the probability
distribution over all Fock states and determines all sta-
tistical characteristics of the photon gas, we will derive
the probability distributions for the total number of pho-
tons, the number of photons in each cavity mode, and the
number of photons with a fixed energy and last consider
condensate fluctuations.
A. Whole photon gas
First consider fluctuations of the photon gas as a
whole. The probability that the photon gas comprises
n photons is obtained by summing pi|ph〉 over all Fock
states with n photons, |phn〉:
pin =
∑
|phn〉
pi|ph〉.
Hence,
pin = P
(
nd
nΣ − n
)
rnan, (61)
where r and an are given by Eqs. (44) and (54), respec-
tively. Equation (61) allows us to find the normalization
coefficient [cf. Eq. (46)]
P =
[ nΣ∑
n=nph
min
(
nd
nΣ − n
)
rnan
]−1
(62)
and then calculate pin for all possible n from the range
[see Eq. (47)]
nphmin 6 n 6 nΣ, (63)
where nphmin is defined by Eq. (48). For all the other n,
pin ≡ 0.
To find an, let us use the following combinatorial idea:
Associate with each photon mode a power series
σki(zki) = κ
(0)
ki + κ
(1)
ki zki + κ
(2)
ki z
2
ki + · · ·
and consider the product of these series,
∏
σki(zki). This
product represents an infinite sum such that it is pos-
sible to associate each term in this sum with a Fock
state in a one-to-one manner. Specifically, the term∏
κ
(nki)
ki z
nki
ki corresponds bijectively with the Fock state|ph〉 = |{nki}〉. Let us introduce a formal state vector
|z〉 = |{zki}〉,
to distinguish it from the one-dimensional variable z, and
define its raising to a power |ph〉 as
|z〉|ph〉 =
∏
k,i
znkiki .
Analogously, introduce a vector
|κ〉 = |{κki}〉
and a formal symbolic power
|κ〉(|ph〉) =
∏
k,i
κ
(nki)
ki .
Then the product can be expressed as
F|z〉 =
∏
k,i
σki(zki) =
∑
|ph〉
|κ〉(|ph〉)|z〉|ph〉, (64)
and the correspondence between the term
∏
κ
(nki)
ki z
nki
ki =
|κ〉(|ph〉)|z〉|ph〉 and the state |ph〉 becomes obvious. If
we put zki = z for all k and i, then the product F|z〉
becomes a power series F (z) such that the coefficient of
zn gives the sum of terms |κ〉(|ph〉) over all Fock states
with n photons. In other words, if a quantity A|ph〉 can
be represented as a product
∏
κ
(nki)
ki ,
A|ph〉 = |κ〉(|ph〉),
so that
F|z〉 =
∑
|ph〉
A|ph〉|z〉|ph〉,
then
F (z) =
∏
k,i
σki(z) (65)
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is the generating function for
∑
A|phn〉.
Since
qε|ph〉 =
∞∏
k=0
2k+1∏
i=0
qnkik,
the series
σki(z) = 1 + q
kz + q2kz2 + · · · = (1− qkz)−1 (66)
corresponds to mode ki after putting zki = z, and there-
fore all an are determined via the generating function
F (z) =
∞∏
k=0
(1− qkz)−gk .
Differentiating F (z) yields
F ′(z) = ϕ(z)F (z), (67)
where
ϕ(z) =
∞∑
n=0
cn+1z
n (68)
and
cn =
2
(1− qn)2 , n > 1. (69)
We have cn > 2. Substituting
F (z) =
∞∑
n=0
anz
n (70)
together with Eq. (68) in the relation (67), calculating
the left- and right-hand sides, and comparing terms of
equal powers in z, we finally obtain the recursive relation
for an:
a0 = 1, (71a)
an =
1
n
n∑
m=1
cman−m, n > 1. (71b)
Thus, if we know the temperature T and the energy dif-
ference between adjacent energy levels in the cavity, ~Ω,
we can determine q using Eqs. (18) and (45), then deter-
mine cn using Eq. (69), and finally recursively calculate
all necessary an using Eqs. (71). Note that we need to
determine an (and hence cn) only for n 6 nΣ; therefore,
all the probabilities pin as well as the normalization co-
efficient P can be found in a finite number of steps and
without performing infinite summation.
Clearly, {pin} is related to {pi|d〉}. Since the total exci-
tation number is fixed, the probability of finding n1|d〉 ex-
cited dye molecules in the dye solution equals the proba-
bility of finding nΣ−n1|d〉 photons in the photon gas. Mul-
tiplying the latter probability by the conditional proba-
bility of state |d〉 given n1|d〉, we have
pi|d〉 =
(
nd
n1|d〉
)−1
pinΣ−n1|d〉 . (72)
Using Eq. (61) and comparing Eq. (72) to Eq. (53), we
see that Q = PrnΣ . This relation can also be obtained
by comparing Eqs. (57) and (62) and noting that nphmin+
nemax = nΣ.
B. One cavity mode
Next consider fluctuations of the number of photons in
an arbitrary mode of the microcavity, say, mode ki. De-
note by |ph|kim〉 a Fock state with m mode-ki photons.
The probability pikim of finding m photons in mode ki is
obtained by summing pi|ph〉 over all states |ph|kim〉:
pikim =
∑
|ph|kim〉
pi|ph〉. (73)
Denoting by |phn|kim〉 a Fock state with a total of n pho-
tons among which there are exactly m mode-ki photons,
we may sum the probabilities (43) first over these states
and then over all possible n. The total number of pho-
tons cannot be less than the number of photons in any
mode, n > m > 0; on the other hand, it is subject to the
inequality constraints (63). We then have for n that
nphmin(m) 6 n 6 nΣ, (74)
where
nphmin(m) = max{m,nΣ − nd}, (75)
so that nphmin = n
ph
min(0). Consequently,
pikim = P
nΣ∑
n=nph
min
(m)
(
nd
nΣ − n
)
rnakimn−m, (76)
where
akimn−m =
∑
|phn|kim〉
qε|ph〉 , (77)
r is given by Eq. (44), and P can be calculated with
Eq. (62).
Summing the right-hand side of Eq. (77) over all pos-
sible m gives the sum of qε|ph〉 over all Fock states with
n photons, and, by the definition (54), we can write
an =
n∑
m=0
akimn−m. (78)
Equation (78) holds for all nonnegative k and n, with i
in the range (12).
To find akimn, we use the same idea as when calculating
an, but with a slight difference: When constructing the
generating function
F ki(y, z) =
∞∑
m,n=0
akimny
mzn (79)
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for the sums (77) from the product (64), we put zki = y
for mode ki and zlj = z for all the other modes, when
lj 6= ki, to distinctively calculate sums for any fixed num-
ber of mode-ki photons. This corresponds to replacing
the series σki(z) for mode ki by the same series but con-
sidered as a function of y, not z, in Eq. (65). Thus,
F ki(y, z) =
F ki(z)
1− qky , (80)
where
F ki(z) = (1 − qkz)F (z) (81)
is the generating function giving the sums of qε|ph〉 over all
states with n photons among which there are no mode-ki
photons:
F ki(z) =
∞∑
n=0
akin z
n, (82)
where
akin ≡ aki0n =
∑
|phn|ki0〉
qε|ph〉 .
Obviously,
F ki(z, z) = F (z),
which reflects the relation (78).
Equation (80) together with the expansions (66), (79),
and (82) yields
akimn = q
kmakin .
Accordingly, we can rewrite the probability distribu-
tion (76) of the number of photons in mode ki as
pikim = Pq
km
nΣ∑
n=nph
min
(m)
(
nd
nΣ − n
)
rnakin−m. (83)
Using Eqs. (70) and (81) allows us to calculate akin :
aki0 = 1, (84a)
akin = an − qkan−1, n > 1. (84b)
Thus, to find the necessary akin appearing in Eq. (83),
we should first calculate an for all nonnegative n not ex-
ceeding nΣ with the recursive relation (71) (which we
can do when calculating the normalization coefficient P )
and then utilize the relations (84). The probability dis-
tribution {pikim} is determined by Eq. (83) for m from the
range
0 6 m 6 nΣ. (85)
For all the other m, pikim ≡ 0.
It follows from Eqs. (84) that akin in fact does not de-
pend on i, and, by Eq. (83), neither does pikim :
pik0m ≡ pik1m ≡ · · · ≡ pik 2k+1m . (86)
Therefore, all the modes with the same energy are char-
acterized by the same probability distribution and have
the same statistical properties.
C. One energy level
Further consider fluctuations of the number of photons
with a given energy. If the photon energy is ~ωk, we
may speak of the photon number fluctuations at the kth
energy level and define the probability pikm of finding m
photons at this level:
pikm =
∑
|ph|km〉
pi|ph〉,
where summation is performed over all Fock states with
m photons at the kth energy level, |ph|km〉. By anal-
ogy with Eq. (73), we may sum first over all Fock states
with a total of n photons and exactly m photons with en-
ergy ~ωk, |phn|km〉, and then over all possible n. Clearly,
the summation interval for n coincides with that given by
Eq. (74). Therefore,
pikm = P
nΣ∑
n=nph
min
(m)
(
nd
nΣ − n
)
rnakmn−m,
where
akmn−m =
∑
|phn|km〉
qε|ph〉 , (87)
r and nphmin(m) are defined by Eqs. (44) and (75), and P
can be calculated with Eq. (62).
We can write the relation analogous to Eq. (78) be-
cause summing the right-hand side of Eq. (87) over all
possible m gives the sum of qε|ph〉 over all Fock states
with n photons:
an =
n∑
m=0
akmn−m. (88)
Equation (88) holds for all nonnegative k and n.
To find akmn, we construct the generating function
F k(y, z) =
∞∑
m,n=0
akmny
mzn (89)
by putting zki = y for all i from the range (12) and
zlj = z for all l 6= k in F|z〉 defined by Eq. (64), which
corresponds to the isolation of the states with every single
number of photons with energy ~ωk among the states
with a total of n photons. Replacing all the series σki(z)
corresponding to the kth energy level by the same series
but considered as functions of y in Eq. (65), we get
F k(y, z) =
F k(z)
(1− qky)gk , (90)
where the degeneracy gk is given by Eq. (11) and
F k(z) = (1− qkz)gkF (z) (91)
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is the generating function giving the sums of qε|ph〉 over all
states with n photons among which there are no photons
with energy ~ωk:
F k(z) =
∞∑
n=0
aknz
n, (92)
where
akn ≡ ak0n =
∑
|phn|k0〉
qε|ph〉 .
Obviously,
F k(z, z) = F (z),
which reflects the relation (88).
With the expansions (89) and (92), we obtain from
Eq. (90)
akmn =
(
m+ gk − 1
m
)
qkmakn.
Thus, the probability distribution {pikm} of the number of
photons at the kth energy level has the form
pikm = P
(
m+ gk − 1
m
)
qkm
nΣ∑
n=nph
min
(m)
(
nd
nΣ − n
)
rnakn−m
(93)
and is determined for all m from the range (85); for the
other m, pikm ≡ 0. It remains to express akn via an by
expanding Eq. (91) and equating the coefficients of equal
powers in z on both sides:
akn =
min{n,gk}∑
m=0
(
gk
m
)
(−1)mqkman−m. (94)
We have the situation analogous to that of one cavity
mode: together with r and q [Eqs. (44) and (45)], it is
sufficient to calculate an for nonnegative n not exceeding
nΣ using the recursive relation (71) to fully determine
the probability distribution {pikm}.
D. Condensate fluctuations
Using the above results, we can easily find the prob-
ability distribution describing condensate fluctuations,
which are of fundamental interest in the context of Bose-
Einstein condensation of light. Recall that the whole
photon condensate, all the photons with energy ~ω0,
consists of the two polarized photon condensates, each
comprising photons of one of the two polarizations. Ac-
cordingly, we distinguish between the fluctuations of the
whole condensate and those of the polarized condensate.
1. Polarized condensate
First consider fluctuations of the polarized photon con-
densate, say, with polarization p = 0. The probability
pi00m of finding m mode-00 photons follows from Eq. (83):
pi00m = P
nΣ∑
n=nph
min
(m)
(
nd
nΣ − n
)
rna00n−m, (95)
where, by Eq. (84),
a000 = 1,
a00n = an − an−1, n > 1.
From the remark after Eq. (86) it follows that the second
polarized photon condensate, with polarization p = 1,
has the same statistical properties as the first:
pi01m ≡ pi00m . (96)
2. Whole condensate
Second consider fluctuations of the photon condensate
as a whole. The probability pi0m of finding m photons at
the lowest energy level follows from Eq. (93):
pi0m = P (m+ 1)
nΣ∑
n=nph
min
(m)
(
nd
nΣ − n
)
rna0n−m. (97)
The quantities a0n can be found directly from the rela-
tion (94), but it is reasonable to express them via a00n by
noting that F 0(z) = (1− z)F 00(z):
a00 = 1,
a0n = a
00
n − a00n−1, n > 1.
VII. UNIVERSAL RELATION
In Sec. VID, we have obtained the probability distri-
butions of the photon number for the polarized and whole
photon condensates. From these distributions we can cal-
culate all the moments. Let us turn our attention to the
correlation characteristics of the condensates. Consider
the quantum degree of second-order coherence, or the
normalized zero-delay second-order correlation function
[49–52], for the photon condensate,
g
(2)
0 (0) =
〈n0(n0 − 1)〉
〈n0〉2 , (98)
and for the polarized photon condensate,
g
(2)
00 (0) =
〈n00(n00 − 1)〉
〈n00〉2 , (99)
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where n0 and n00 are the fluctuating photon numbers cor-
responding to these condensates. The degrees of second-
order coherence for these condensates are not indepen-
dent but related to each other via the universal relation
[14]
g
(2)
0 (0) =
3
4
g
(2)
00 (0). (100)
The universality means that the relation (100) holds for
all numbers of dye molecules, photons, and excitations
at all temperatures.
Now we prove the universal relation (100). We can
directly check that the sum in Eq. (97) for the photon
number probability distribution for the condensate,
A0m = P
nΣ∑
n=nph
min
(m)
(
nd
nΣ − n
)
rna0n−m,
is related to the photon number probabilities (95) for the
polarized condensate as follows:
A0m = pi
00
m − pi00m+1.
The second factorial moment for the whole condensate,
〈n0(n0 − 1)〉 =
nΣ∑
m=0
pi0mm(m− 1),
where
pi0m = A
0
m(m+ 1),
then becomes the difference between the sums of pi00m and
pi00m+1 with weight (m − 1)m(m + 1) over all m from
the range (85). Increasing the variable of summation
in the second sum by 1, we pass to summation of pi00m
with weight (m− 2)(m− 1)m over all m from the range
1 6 m 6 nΣ + 1. Observing that the latter sum remains
unchanged when the summation interval is changed to
0 6 m 6 nΣ and subtracting this sum from the former,
we get
〈n0(n0 − 1)〉 = 3〈n00(n00 − 1)〉, (101)
where
〈n00(n00 − 1)〉 =
nΣ∑
m=0
pi00mm(m− 1)
is the second factorial moment for the polarized conden-
sate. Then we should use an obvious relation between
the first moments,
〈n0〉 = 2〈n00〉, (102)
which may be obtained either formally by analogy with
the relation (101) or directly averaging the equality n0 =
n00 + n01 and using the equivalent statistical properties
of the two polarized condensates [Eq. (96)]. Substituting
the relations (101) and (102) in Eq. (98) and comparing
the latter to Eq. (99), we arrive at the universal rela-
tion (100).
The universal relation indicates that the two polarized
photon condensates are, in general, not statistically inde-
pendent. Indeed, in the case of independent condensates,
we would have another relation between the degrees of
second-order coherence [52],
g
(2)
0 (0) =
1 + g
(2)
00 (0)
2
. (103)
Therefore, there exists a correlation between the polar-
ized condensates.
Note that the relations (100) and (103) hold simulta-
neously only for g
(2)
00 (0) = 2 and g
(2)
0 (0) = 3/2. This
is natural because g
(2)
00 (0) = 2 corresponds to the usual
Bose-Einstein distribution for the polarized condensate.
This distribution takes place if the polarized condensate
is in contact with both an ideal thermostat and an ideal
photon reservoir, in which case each mode is independent
of the others and the two polarized condensates are also
independent.
VIII. CRITICAL TEMPERATURE
The main effect of Bose-Einstein condensation of light
is accumulation of photons at the ground energy level as
temperature decreases. There exists a critical tempera-
ture below which such accumulation becomes significant,
and we can find this temperature from the analogy with
the case of massive bosons. Indeed, in the case of conden-
sation of N bosons, the study of the temperature behav-
ior of the boson gas in the thermodynamic limit starts
with separating out the condensate:
N = 〈N0〉+ 〈N+〉, (104)
where 〈N0〉 is the mean number of condensate bosons,
bosons at the lowest energy level, and 〈N+〉 is the mean
number of bosons at higher energy levels. In the case of
condensation of photons, we instead write
〈n〉 = 〈n0〉+ 〈n+〉, (105)
where 〈n〉 is the mean total number of photons, 〈n0〉 is
the mean number of condensate photons, photons with
energy ~ω0, and 〈n+〉 is the mean number of photons with
energy ~ωk for positive k. In Eq. (104), 〈N+〉 is the sum
of mean boson numbers corresponding to Bose-Einstein
distributions for energies higher than the energy of the
ground state. The results of Sec. II indicate that the
spectrum of a microcavity is virtually the same as that of
a two-dimensional harmonic trap with the only difference
that the degeneracy in the former case is twice that in the
latter. If we assume Bose-Einstein distributions for all
the photon modes ki with positive k, then, in Eq. (105),
〈n+〉 is formally twice the sum given by 〈N+〉 due to the
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FIG. 1. (Color online) Condensate fraction 〈n0〉/〈n〉 against
reduced temperature T/Tc. Parameters used: ratio of re-
duced partition functions: z1/z0 = 1; reduced detuning:
(ω0 − ωe)/Ω = −10
2; dye molecule number: nd = 10
6; mean
photon number: 〈n〉 = 1 (curve A), 2 (B), 4 (C), 10 (D), 102
(E), 103 (F), 104 (G), and 105 (H).
additional twofold photon polarization degeneracy. Note
that when deriving the critical temperature
T˜c =
~Ω
√
6N
pikB
(106)
and temperature dependence of the condensate fraction
〈N0〉
N
=


1−
(
T
T˜c
)2
, T 6 T˜c,
0, T > T˜c,
(107)
in the case of the atomic BEC, we make some transfor-
mations, and all these transformations concern solely the
term 〈N+〉 [53–56]. Analogous transformations should
definitely be made in the case of the light BEC, but,
fortunately, we may avoid these by formally converting
Eq. (105) to Eq. (104) so that 〈n+〉/2 corresponds with
〈N+〉. This conversion can be made using the substitu-
tions
〈n〉 → 2N, 〈n+〉 → 2〈N+〉, 〈n0〉 → 2〈N0〉.
Thus, we need only to make the inverse substitutions
N → 〈n〉
2
, 〈N0〉 → 〈n0〉
2
in Eqs. (106) and (107) to obtain the critical temperature
Tc =
~Ω
√
3〈n〉
pikB
(108)
and temperature dependence of the condensate fraction
〈n0〉
〈n〉 =


1−
(
T
Tc
)2
, T 6 Tc,
0, T > Tc,
(109)
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FIG. 2. (Color online) Photon fraction 〈n〉/nΣ against re-
duced temperature T/Tc. Parameters used are same as in
Fig. 1.
in the case of the light BEC. The dependence (109) re-
flects the true phase transition at the critical tempera-
ture (108) and takes place in the thermodynamic limit,
when the mean total photon number is large enough. In
other words, this dependence corresponds to the macro-
scopic case of the light BEC. Note that Eqs. (108)
and (109) do not require invoking the above analogy with
the case of the atomic BEC and can be easily derived
directly from the photon number probability distribu-
tions (61) and (97). In the microscopic and mesoscopic
cases, when the mean total photon number is relatively
small, the expression (108) does not give the temperature
of phase transition because this transition does not occur
in a strict sense. In the latter case, the critical temper-
ature can be interpreted as a characteristic temperature
below which a significant accumulation of photons at the
lowest energy level occurs. Thus, the light BEC in the
microscopic and mesoscopic cases is understood in ac-
cord with the tradition of the usual atomic BEC physics
[55, 56].
IX. DISCUSSION
A. Fixed mean photon number
It is natural to consider first a case that in some sense
resembles the case of the usual atomic BEC in a two-
dimensional harmonic trap, with photons playing the role
of bosons of mass mph (6). In the case of the atomic
BEC, the total number of bosons is fixed. In the case of
the light BEC, the total number of photons should play
the role of the total number of bosons, but it is, in gen-
eral, not fixed and fluctuates even at a fixed temperature.
However, the mean total photon number does not fluc-
tuate and may serve as an equivalent to the total boson
number. We will thus consider first the case where the
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FIG. 3. (Color online) Degree of second-order coherence for
(left axis) polarized, g
(2)
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photon condensate against reduced temperature T/Tc. Pa-
rameters used are same as in Fig. 1. Universal relation (100)
is seen.
mean total photon number is fixed whereas the temper-
ature is varied. This is especially reasonable in regard
to the results of Sec. VIII because fixing the mean to-
tal photon number implies a constant critical tempera-
ture (108), and the analogy with the atomic BEC can be
readily observed.
Choose the reduced detuning (ω0 − ωe)/Ω = −102
and the number of dye molecules nd = 10
6 and study
how the main characteristics of the photon gas change
with temperature for the series of mean photon numbers
〈n〉 = 1, 2, 4, 10, 102, 103, 104, and 105. This allows us
to consider simultaneously the microscopic, mesoscopic,
and macroscopic light BEC from a general perspective.
Note that the problem of the microscopic and mesoscopic
BEC is of high importance for the physics of BEC [57–
59]. We assume that the density of rovibrational states
corresponding to the ground and first excited singlet elec-
tronic states of a dye molecule is the same: g0(ε) = g1(ε).
The corresponding reduced partition functions (21) are
then equal to each other at all temperatures: z0 = z1.
It is convenient to determine the critical temperature Tc
with Eq. (108) for each 〈n〉 and then consider the depen-
dence of various statistical characteristics of the photon
gas on the reduced temperature T/Tc. The case of an-
other reduced detuning has been considered in Ref. [14].
Figure 1 shows the temperature dependence of the con-
densate fraction 〈n0〉/〈n〉. We see that as temperature
decreases, the photon gas undergoes BEC, and the con-
densate photon number becomes a macroscopic fraction
of the total photon number. For relatively small 〈n〉, we
observe a smooth behavior of the condensate fraction as
temperature passes down through the critical value, i.e.,
there is no true phase transition and sharp beginning of
condensation of photons. However, for 〈n〉 large enough,
we observe that the light BEC sharply begins at the criti-
cal temperature and that the condensate fraction behav-
ior is described by Eq. (109). Thus, as 〈n〉 increases,
the condensate fraction approaches the parabolic depen-
dence (109), so that curve H virtually coincides with the
latter, and the transition to the thermodynamic limit
is naturally observed. The critical temperature is the
temperature of phase transition for large 〈n〉 (the macro-
scopic case) and the characteristic temperature at which
accumulation of photons becomes significant for small 〈n〉
(the microscopic and mesoscopic cases). Note that we
speak of the phase transition and thermodynamic limit
in the macroscopic case somewhat conventionally because
we always deal with only a finite number of photons. At
zero temperature, the condensate fraction is 1, which in-
dicates that all the photons are at the ground energy level
for all 〈n〉.
Figure 2 shows the temperature dependence of the
photon fraction 〈n〉/nΣ. We see that, for curves A–D,
excitations in the optical cavity are photon excitations
in the considered temperature range. For curve E, the
same situation is observed below the critical temperature,
but there appears a significant fraction of excited dye
molecules at high temperatures, though photons still pre-
vail among excitations. As 〈n〉 increases further, the tem-
perature interval in which photons are the main fraction
of excitations becomes shorter, the right endpoint shift-
ing toward zero temperature, and excited dye molecules
prevail not only at high temperatures but also at temper-
atures below the critical temperature. Interestingly, for
curves G and H, we observe the appearance of a temper-
ature above which the photon fraction increases after the
original decrease at low temperatures, and the minimum
value of the photon fraction increases with 〈n〉. Note
that the photon fraction reflects only on average how
significant photons and excited dye molecules are among
excitations. The total photon number itself fluctuates,
is characterized by the probability distribution (61), and
takes on values from the range (63); therefore, the ratio
n/nΣ also fluctuates and can equal 1 with a probability
even when 〈n〉/nΣ ≪ 1. At zero temperature, the mean
total photon number coincides with the total excitation
number for all natural 〈n〉: 〈n〉/nΣ = 1. Therefore, the
total photon number does not fluctuate at zero temper-
ature and coincides with the total excitation number. In
this connection, we may recall the Chebyshev inequal-
ity P{ξ > x} 6 〈ξ〉/x, which gives an upper estimate
for the probability P{ξ > x} that a nonnegative random
variable ξ is no less than a positive x via the ratio of
the mean 〈ξ〉 to x [60]. Putting ξ = nΣ − n > 0, we get
P{nΣ−n > x} 6 (nΣ−〈n〉)/x; this means that there are
no fluctuations of the total photon number, n ≡ nΣ, if
〈n〉 = nΣ and that the fluctuations are small if 〈n〉 ≈ nΣ.
Figure 3 shows the temperature dependence of the de-
gree of second-order coherence for the polarized photon
condensate, g
(2)
00 (0), and for the whole photon conden-
sate, g
(2)
0 (0). Each curve corresponds both to g
(2)
00 (0) (left
axis) and to g
(2)
0 (0) (right axis), illustrating the universal
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FIG. 4. (Color online) Mandel parameter Q00 for polarized
photon condensate against reduced temperature T/Tc. Pa-
rameters used are same as in Fig. 1.
relation (100). For any 〈n〉, the degree of second-order co-
herence for the polarized and whole photon condensates
increases with temperature. For large mean photon num-
bers, we observe Bose-Einstein statistics for the polarized
photon condensate at high temperatures: g
(2)
00 (0) = 2. As
temperature decreases, g
(2)
00 (0) decreases but always ex-
ceeds 1; this means that we have super-Poissonian statis-
tics in the whole temperature interval, even at zero tem-
perature, where g
(2)
00 (0) = 4/3. For the whole photon
condensate, we observe at first glance Poissonian but in
fact sub-Poissonian statistics at low temperatures (see
below), g
(2)
0 (0) ≈ 1 but always g(2)0 (0) < 1, and super-
Poissonian statistics at high temperatures, g
(2)
0 (0) = 3/2.
The transition from the low-temperature statistics to the
high-temperature statistics for the condensates becomes
sharper with increasing 〈n〉, thereby illustrating the tran-
sition to the thermodynamic limit. Note that, at high
temperatures, not only the universal relation (100) but
also the relation (103) holds. This means that the two po-
larized condensates are statistically independent at high
temperatures and large mean photon numbers.
Consider the problem of sub-Poissonian statistics in
more detail. This problem is important inasmuch as sub-
Poissonian statistics is indicative of nonclassical states of
light. Together with the degree of second-order coher-
ence, which is less than 1 for sub-Poissonian statistics,
it is convenient to consider the Mandel parameter [61]
when investigating nonclassical states of light. For the
polarized condensate it has the form
Q00 =
〈(∆n00)2〉 − 〈n00〉
〈n00〉 = (g
(2)
00 (0)− 1)〈n00〉. (110)
Analogously, for the whole condensate the Mandel pa-
rameter is
Q0 =
〈(∆n0)2〉 − 〈n0〉
〈n0〉 = (g
(2)
0 (0)− 1)〈n0〉. (111)
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FIG. 5. (Color online) Mandel parameter Q0 for whole photon
condensate against reduced temperature T/Tc. Parameters
used are same as in Fig. 1.
In Eqs. (110) and (111), ∆n00 = n00 − 〈n00〉 and
∆n0 = n0 − 〈n0〉 are the deviations from the mean and
〈(∆n00)2〉 = 〈n200〉 − 〈n00〉2 and 〈(∆n0)2〉 = 〈n20〉 − 〈n0〉2
are the variances of the photon number for the polarized
and whole condensates, respectively. The Mandel pa-
rameter is negative when the statistics is sub-Poissonian.
The minimum value of the Mandel parameter is −1 and
is realized for a Fock state, in which the photon number
is definite.
Figures 4 and 5 show, respectively, the temperature de-
pendence of Q00 andQ0. When the mean photon number
is small, we observe sub-Poissonian statistics both for the
polarized photon condensate (g
(2)
00 (0) < 1, Q00 < 0) and
for the whole photon condensate (g
(2)
0 (0) < 1, Q0 < 0).
This statistics takes place not only at low temperatures
but also at temperatures higher than the critical tem-
perature [see curves A and B in Figs. 3, 4(a), and 5(a)].
As the mean photon number increases, there appear the
states for which the statistics of the photon condensate is
sub-Poissonian at some temperature whereas the statis-
tics of the polarized photon condensate is Poissonian
(g
(2)
00 (0) = 1, Q00 = 0) or super-Poissonian (g
(2)
00 (0) > 1,
Q00 > 0); curves C and D in Figs. 3, 4(a), and 5(a) at
low temperatures illustrate these two cases. The tran-
sition from sub-Poissonian to super-Poissonian statistics
for the polarized condensate at low temperatures occurs
as the mean photon number passes through the value
〈n〉 = 4. The analogous transition also occurs at high
temperatures. Note that sub-Poissonian statistics at low
temperatures can disappear at higher temperatures even
if 〈n〉 remains unchanged; curve D in Figs. 3 and 5(a)
illustrates the transition from sub-Poissonian to super-
Poissonian statistics for the whole condensate as temper-
ature increases.
The statistics of the whole condensate, sub-Poissonian
at small mean photon numbers, can behave in analogy
to that of the polarized condensate and become Poisso-
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FIG. 6. (Color online) Reduced standard deviation√
〈(∆n00)2〉/〈n00〉 for polarized photon condensate against
reduced temperature T/Tc. Parameters used are same as in
Fig. 1.
nian (g
(2)
0 (0) = 1, Q0 = 0) and then super-Poissonian
(g
(2)
0 (0) > 1, Q0 > 0) at high temperatures as 〈n〉
increases [see curves A–D near T/Tc = 2 in Figs. 3
and 5(a)]. At zero temperature, however, the whole con-
densate is always, irrespective of 〈n〉, in a nonclassical
state with sub-Poissonian statistics: g
(2)
0 (0) < 1, though
g
(2)
0 (0) increases with 〈n〉 and tends to 1. It seems (see
curves F–H in Fig. 3) that the statistics eventually be-
comes Poissonian, with g
(2)
0 (0) = 1. Nevertheless, this
is not so because Q0 = −1 6= 0, as we conclude from
Fig. 5(a). Therefore, the photon condensate as a whole
is in a Fock state at zero temperature for any mean total
photon number.
The fact that the Mandel parameter Q0 for the pho-
ton condensate tends to −1 as temperature vanishes nat-
urally reflects the light BEC: All the photons at zero
temperature are at the lowest energy level and have en-
ergy ~ω0. The condensate photon number does not fluc-
tuate and equals the total photon number, which coin-
cides with the total excitation number: n0 = n = nΣ.
Indeed, it is clear from Figs. 1 and 2 that 〈n0〉 = nΣ.
Since the condensate photon number cannot exceed the
total photon number, which, as we saw when discussing
Fig. 2, equals the total excitation number, we have
n0 6 nΣ; therefore, n0 ≡ nΣ. Thus, the photon statis-
tics for the whole condensate is always sub-Poissonian,
not Poissonian, at zero temperature, with Q0 = −1 and
g
(2)
0 (0) = 1− n−1Σ < 1.
The polarized photon condensate, however, fluctuates
at zero temperature, with Q00 > −1/2 > −1 in Fig. 4(a).
These fluctuations can be readily understood as follows:
At zero temperature, the whole photon gas represents
the condensate and comprises nΣ ground-mode photons,
which are distributed between the two polarization states
in nΣ + 1 ways with equal probability. We then have an
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FIG. 7. (Color online) Reduced standard deviation√
〈(∆n0)2〉/〈n0〉 for whole photon condensate against re-
duced temperature T/Tc. Parameters used are same as in
Fig. 1.
equiprobable distribution for the polarized condensate,
pi00n =
1
nΣ + 1
, 0 6 n 6 nΣ, T = 0. (112)
We immediately obtain from Eq. (112) the degree of
second-order coherence g
(2)
00 (0) = (4/3)(1 − n−1Σ ), evi-
dently consistent with the universal relation (100), and
Mandel parameter Q00 = (nΣ − 4)/6.
Note that, strictly speaking, the fluctuations of the
system at absolute zero are impossible: If we put n00
photons of one polarization and n01 photons of the other
polarization into the TEM00 mode, with n00+n01 = nΣ,
then these numbers will not change with time. This
fact is obvious from the relation (60): we formally have
σ10(ω0)/σ01(ω0) = ∞, which means that σ01(ω0) ≡ 0;
i.e., a ground-state dye molecule cannot absorb a pho-
ton, and therefore none of the photons can change its
polarization. However, the photon numbers will change
with time at any infinitesimal but positive temperature,
and we can consider the fluctuations of the system at
zero temperature as temporal fluctuations at vanishing
temperature T → +0. In the ideal case of absolute zero,
T ≡ 0, we can consider the system fluctuations only as
fluctuations over an ensemble of systems, each gradually
cooled down to absolute zero.
For large photon numbers, Q00 is relatively small above
the critical temperature, but sharply increases as tem-
perature passes down through the critical value, thereby
indicating the beginning of BEC [see Figs. 4(b) and 4(c)].
In turn, Q0 is small both at high and at low temperatures,
but has a sharp peak, a cusp, near the critical temper-
ature, in the region where the photon statistics changes
[see Fig. 5(b)].
The difference between the fluctuating behavior of the
polarized and whole condensates is also demonstrated in
Figs. 6 and 7, which show, respectively, the reduced stan-
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(b) reduced critical temperature Tc/TΣ against reduced tem-
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functions: z1/z0 = 1; reduced detuning: (ω0−ωe)/Ω = −10
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dye molecule number: nd = 10
6; total excitation number:
nΣ = 1 (curve A), 2 (B), 4 (C), 10 (D), 10
2 (E), 103 (F), 104
(G), and 105 (H). Line L corresponds to T = Tc.
dard deviation of the photon number for the polarized
condensate,
√
〈(∆n00)2〉/〈n00〉, and whole condensate,√
〈(∆n0)2〉/〈n0〉. At zero temperature, the reduced stan-
dard deviation of the condensate photon number is zero
and that of the polarized condensate photon number is
positive. By Fig. 1, this implies the analogous relations
for the variances: 〈(∆n0)2〉 = 0 and 〈(∆n00)2〉 > 0 at
zero temperature, as we have already observed from the
low-temperature behavior of the Mandel parameter. In
the microscopic case, the reduced standard deviations
both for the polarized and for the whole condensates be-
have smoothly as temperature passes through the critical
value (see curves A–D in Figs. 6 and 7). In the meso-
scopic case, there appears a slight bend near the critical
temperature for both the deviations, and it sharpens and
becomes a kink and eventually a jump in the macroscopic
case, which reflects the transition to the thermodynamic
limit (see curves E–H).
The reduced standard deviation for the polarized
condensate at low temperatures decreases with in-
creasing 〈n〉 and eventually tends to 1/√3 ≈ 0.577;
it follows from Eq. (112) that
√
〈(∆n00)2〉/〈n00〉 =√
(nΣ + 2)/3nΣ at zero temperature. Simultaneously,
it becomes almost constant at low temperatures, and
the temperature interval in which this is so becomes
larger, so that the right endpoint shifts towards the
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FIG. 9. (Color online) Photon fraction 〈n〉/nΣ against re-
duced temperature T/TΣ. Parameters used are same as in
Fig. 8.
critical temperature as 〈n〉 increases. Thus, a sharp
jump in
√
〈(∆n00)2〉/〈n00〉 from 1/
√
3 to 1 forms at
the critical temperature in the macroscopic case (see
curve H in Fig. 6). Though the grand canonical ap-
proximation is never used in this paper, the latter value
can be formally obtained from considering the ordinary
Bose-Einstein distribution for the polarized condensate
above the critical temperature, writing the correspond-
ing reduced standard deviation
√
〈(∆n00)2〉/〈n00〉 =√
1 + 〈n00〉−1, and equating the chemical potential mea-
sured from the ground-mode energy to zero at the critical
temperature. This formally gives the wrong 〈n00〉 = ∞
but the right
√
〈(∆n00)2〉/〈n00〉 = 1.
The behavior of the reduced standard deviation for
the whole condensate is largely similar to that for the
polarized condensate. As 〈n〉 increases,
√
〈(∆n0)2〉/〈n0〉
becomes close to zero in the temperature interval widen-
ing toward the critical temperature. Thus, we observe
a jump in
√
〈(∆n0)2〉/〈n0〉 from 0 to 1/
√
2 ≈ 0.707
near the critical temperature in the macroscopic case
(see curve H in Fig. 7). The latter value can be for-
mally obtained by considering the two polarized photon
condensates statistically independent above the critical
temperature and writing 〈(∆n0)2〉 = 2〈(∆n00)2〉. Using
Eq. (102), we then have√
〈(∆n0)2〉
〈n0〉 =
1√
2
√
〈(∆n00)2〉
〈n00〉 . (113)
For this reason, the parts of curves F–H to the right of
the kink in Fig. 6 are similar to the corresponding parts
of curves F–H in Fig. 7.
B. Fixed excitation number
Now consider the case where the total number of ex-
citations is fixed whereas the temperature is varied. We
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choose the same reduced detuning (ω0 − ωe)/Ω = −102
and the number of dye molecules nd = 10
6 and study how
the main characteristics of the photon gas change with
temperature for the series of excitation numbers nΣ = 1,
2, 4, 10, 102, 103, 104, and 105. The assumption about
the density of rovibrational states is the same as ear-
lier, so that z0 = z1. The critical temperature Tc is a
function of the mean photon number 〈n〉, which is not
constant now but depends on temperature; this means
that Tc = Tc(T ). We therefore normalize the tempera-
ture not by the critical temperature but by a temperature
TΣ given by Eq. (108) in which 〈n〉 is replaced by nΣ:
TΣ =
~Ω
√
3nΣ
pikB
.
The so defined TΣ does not depend on T . We deter-
mine the temperature TΣ for each nΣ and then consider
the dependence of various statistical characteristics of the
photon gas on the reduced temperature T/TΣ.
Figure 8(a) shows the temperature dependence of the
condensate fraction 〈n0〉/〈n〉. As temperature decreases,
the photon gas undergoes BEC, and the condensate pho-
ton number becomes a macroscopic fraction of the total
photon number. For relatively small nΣ (see curves A–
D), the condensate fraction behaves analogously to that
in the case of fixed 〈n〉. For large nΣ, a crucial differ-
ence comes to the fore: as temperature decreases, Bose-
Einstein condensation of light starts in a far sharper way
than in the case of fixed 〈n〉, not in a parabolic way [cf.
curves F–H in Figs. 1 and 8(a)]. This fact can be ex-
plained by the aforementioned dependence of the critical
temperature on temperature. Indeed, TΣ = Tc at zero
temperature. As temperature increases, absorption of
photons by dye molecules begins, 〈n〉 becomes less than
nΣ, and Tc decreases. Accordingly, T/Tc increases non-
linearly with temperature and larger than in the case of
constant Tc. Figure 8(b) shows the temperature depen-
dence of the reduced critical temperature Tc/TΣ. Com-
paring Figs. 8(a) and 8(b), we see that a sharp conden-
sation is indeed related to a sharp decrease in Tc. The
condensation temperature TBEC is determined from
TBEC = Tc(TBEC). (114)
This condition is also suitable for the case of fixed 〈n〉
considered above, where we have TBEC = Tc because
Tc is then independent of T . The temperature TBEC at
which the light BEC sharply starts in Fig. 8(a) corre-
sponds to the temperature given by the intersection of
the curve Tc/TΣ with the line Tc/TΣ = T/TΣ, line L, in
Fig. 8(b) (see curves F–H). Note that as temperature in-
creases further, the critical temperature eventually starts
increasing for curves G and H in Fig. 8(b).
Figure 9 shows the temperature dependence of the pho-
ton fraction 〈n〉/nΣ. This figure resembles Fig. 8(b) be-
cause it is the square of the latter, 〈n〉/nΣ = (Tc/TΣ)2.
We see that the mean photon number virtually coincides
with the total excitation number for relatively small nΣ
(curves A–D), and the difference arises as nΣ increases
further. The photon fraction, as well as the critical tem-
perature, starts increasing for curves G and H at high
temperatures.
The temperature dependence of the degrees of second-
order coherence g
(2)
00 (0) and g
(2)
0 (0) is shown in Fig. 10,
Mandel parameters Q00 and Q0 in Figs. 11 and 12,
and reduced standard deviations
√
〈(∆n00)2〉/〈n00〉 and√
〈(∆n0)2〉/〈n0〉 in Figs. 13 and 14. Comparing curves
A–D in Figs. 8(a), 10, 11(a), 12(a), 13(a), and 14(a), re-
spectively, with those in Figs. 1, 3, 4(a), 5(a), 6, and 7,
we conclude that we cannot distinguish between the cases
of fixed 〈n〉 and fixed nΣ for curves A–D in the consid-
ered temperature interval: all the statistical character-
istics are identical. The reason is the aforementioned
equality 〈n〉 ≈ nΣ [cf. Figs. 2 and 9], when virtually all
excitations are photons.
In the macroscopic case, we observe the appearance of
characteristics analogous to those discussed above in the
case of a fixed mean photon number: In the critical re-
gion, we have a sharp jump in the degrees of second-order
coherence g
(2)
00 (0) and g
(2)
0 (0)—respectively, from 4/3 to 2
and from 1 to 3/2 in Fig. 10; we also have a sharp jump in
the reduced standard deviations
√
〈(∆n00)2〉/〈n00〉 and√
〈(∆n0)2〉/〈n0〉—respectively, from 1/
√
3 to 1 and from
0 to 1/
√
2 in Figs. 13(a) and 14(a), and we then observe
a kink. The high-temperature parts of curves F–H in
Fig. 13(b) are similar to those in Fig. 14(b) because of
the equality (113), which reflects the independence of the
two polarized photon condensates to the right of the kink.
Figures 11(b) and 11(c) show that the Mandel parame-
ter Q00 sharply increases as temperature passes down
through the critical value, and the increase occurs not
in a parabolic way due to an additional dependence of
Tc on T [cf. Figs. 4(b) and 4(c)]. Finally, a sharp peak,
a cusp, of the Mandel parameter Q0 in Fig. 12(b) ap-
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FIG. 11. (Color online) Mandel parameter Q00 for polarized
photon condensate against reduced temperature T/TΣ. Pa-
rameters used are same as in Fig. 8.
pears in the critical region, and it grows with nΣ. Thus,
the temperature behavior of various statistical character-
istics of the photon gas in the case of a fixed excitation
number qualitatively resembles that in the case of a fixed
mean total photon number, but the main feature of the
former case is a much faster Bose-Einstein condensation
of photons with decreasing temperature than in the latter
case.
X. CONCLUSION
In this paper, I have presented the theory of Bose-
Einstein condensation of light in a dye-filled optical mi-
crocavity. I have taken into account the interaction of
photons in all the cavity modes with dye molecules and
the twofold photon polarization degeneracy with no lim-
itations on the numbers of photons, dye molecules, and
excitations in the cavity and on the temperatures consid-
ered. The theory goes beyond the grand canonical ap-
proximation and exactly describes the microscopic, meso-
scopic, and macroscopic light BEC at all temperatures,
including the whole critical region.
When constructing the theory, I have used the hi-
erarchical maximum entropy principle. In addition to
this principle, I have considered an alternative, master
equation approach and derived the master equation di-
rectly describing the interaction between photons and
dye molecules. I have shown the equivalence between the
hierarchical maximum entropy principle and the master
equation approach.
I have studied fluctuations of the whole system com-
prising the photon gas and dye solution and derived the
probability distribution of the system over all quantum
states. Using the latter distribution, I have considered
fluctuations of the photon gas undergoing BEC and those
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FIG. 12. (Color online) Mandel parameter Q0 for whole pho-
ton condensate against reduced temperature T/TΣ. Parame-
ters used are same as in Fig. 8.
of the dye solution and derived the probability distribu-
tion of the photon gas over all Fock states and that of
the dye solution over the numbers of ground-state and
excited dye molecules. From the Fock state probability
distribution, I have obtained the photon number proba-
bility distributions for the whole photon gas, each cavity
mode, and each energy level. I have particularly obtained
the photon number distributions describing fluctuations
of the polarized and whole condensates and found the
universal relation between the degrees of second-order
coherence for these condensates.
I have considered two different cases of the light BEC:
the case of a fixed mean total photon number and the
case of a fixed total excitation number. Let the light
BEC be macroscopic. Then, in the former case, the con-
densate fraction behaves analogously to that in the case
of the usual atomic BEC and shows the parabolic temper-
ature dependence. The crucial feature in the latter case
is a much more rapid onset of BEC than in the former
case, so that the condensate fraction increases much more
sharply with decreasing temperature, not in a parabolic
way. This difference is explained by an additional tem-
perature dependence of the critical temperature Tc in the
latter case. The condensation temperature TBEC, below
which BEC of photons sharply starts and which gives
the phase transition temperature in the thermodynamic
limit, is determined from Eq. (114). The other behavior
of the photon BEC in the two cases is quite similar: in
the critical region, we observe a sharp jump in the de-
grees of second-order coherence and a sharp jump and
kink in the reduced standard deviations for the polar-
ized and whole condensates; a sharp peak, a cusp, of the
Mandel parameter for the whole condensate; and a sharp
increase in the Mandel parameter for the polarized con-
densate below the BEC temperature.
Significantly, the theory predicts sub-Poissonian pho-
ton statistics for the polarized and whole condensates
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FIG. 13. (Color online) Reduced standard deviation√
〈(∆n00)2〉/〈n00〉 for polarized photon condensate against
reduced temperature T/TΣ. Parameters used are same as in
Fig. 8.
under certain conditions. The universal relation (100)
shows that sub-Poissonian photon statistics for the polar-
ized condensate implies sub-Poissonian photon statistics
for the whole condensate, but, in general, not vice versa.
However, in the case of small photon numbers, we have
sub-Poissonian photon statistics both for the polarized
and for the whole condensates, and even at temperatures
above the BEC temperature. In the case of large pho-
ton numbers, we have super-Poissonian photon statistics
for the polarized condensate, but, at low temperatures,
photon statistics for the whole condensate is yet sub-
Poissonian. Nonclassical properties of the condensates
are especially pronounced for small photon numbers and
at low temperatures.
The appearance of sub-Poissonian statistics is quite
natural in the context of the light BEC. Indeed, the light
BEC implies accumulation of photons at the lowest en-
ergy level at zero temperature. This means that all the
photon gas is the condensate, and we have an unpolar-
ized Fock state in the TEM00 mode of the microcavity.
This Fock state is certainly nonclassical and has the de-
gree of second-order coherence less than unity. In view of
the universal relation (100), the degree of second-order
coherence for the polarized condensate is greater by a
third than that for the whole condensate; nevertheless, it
can also be less than unity for the photon numbers small
enough.
If the reflectivity of the mirrors is not ideal, light can
escape from the microcavity. The theory predicts that
this light can have unusual nonclassical properties that
have not been observed so far in the light BEC experi-
ment. Nonclassical properties of the emitted light can be
investigated experimentally by measuring the degree of
second-order coherence [51]. Since the degree of second-
order coherence for the light emitted by the microcavity
is the same as that for the light inside the microcavity
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FIG. 14. (Color online) Reduced standard deviation√
〈(∆n0)2〉/〈n0〉 for whole photon condensate against re-
duced temperature T/TΣ. Parameters used are same as in
Fig. 8.
[62, 63], we should observe the degree of second-order co-
herence for the emitted light corresponding to the TEM00
mode less than unity under certain conditions. More con-
cretely, to clearly observe the presence of nonclassical
properties of light from these measurements, we should
deal with the microscopic case of the light BEC, when
we have only several photons in the microcavity; in ad-
dition, we should attempt to conduct the experiment at
sufficiently low temperatures, when the reduced temper-
ature T/Tc is much less than unity. In the latter case,
the state of the photon gas is expected to be close to
the unpolarized Fock state in the TEM00 mode. It is
also reasonable to conduct the measurements of the de-
gree of second-order coherence not only for the photon
condensate as a whole but also for the polarized conden-
sate by isolating one polarization mode with a polarizer
in order to observe the universal relation (100). Thus,
the behavior of the degree of second-order coherence for
the polarized and whole photon condensates implies that
a dye-filled optical microcavity in which the light BEC
takes place can be the source of nonclassical light, both
polarized and unpolarized, with sub-Poissonian photon
statistics and antibunching.
I propose to observe experimentally the predictions of
the theory, viz., sub-Poissonian statistics and the univer-
sal relation (100). Note that the experiment described
in Refs. [1, 26] is not suitable for observation of nonclas-
sical light generation: In this experiment, an external
laser is used to pump the microcavity and eventually to
increase the number of photons confined. This technique
allows one to reach the inequality T/Tc ≪ 1 by increas-
ing the critical temperature Tc as a result of increasing
the photon number whereas the microcavity remains at
a constant temperature T , room temperature. However,
the number of photons in the microcavity becomes very
large, ≈ 77000, and hence it is impossible to distinguish
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between sub-Poissonian and Poissonian statistics of the
emitted light on the basis of measurements of the degree
of second-order coherence. Accordingly, a new exper-
imental scheme that allows one to reach small photon
numbers and low reduced temperatures, or probably a
modification of the old scheme and the experimental con-
ditions, should be proposed to observe nonclassical light
generation. To reach a lower reduced temperature, it
might be necessary, for example, to change the tempera-
ture of the microcavity, choose the microcavity with other
geometric parameters that determine Ω (3), the mirror
spacing and curvature, and use other fluorophores that
fill the microcavity.
We finally note an interesting feature of the light BEC:
under some conditions, the total number of photons in
the microcavity virtually coincides with the total number
of excitations, at least in some temperature interval. As
we have seen, this fact implies that the fluctuations of
the total photon number are very small. In this case, it
is natural to expect some resemblance to the mesoscopic
BEC of a fixed number of atoms in a two-dimensional
harmonic trap. The question arises whether it is possi-
ble to restore any results of the theory of the mesoscopic
canonical-ensemble BEC [42–45, 58, 59, 64] using the ap-
proach of this paper. In this connection. we might con-
sider an imaginary situation of a microcavity with a ficti-
tious light that has no polarization degeneracy; we would
then have a microcavity the energy spectrum of which
completely coincides with that of a two-dimensional har-
monic trap, and we might construct a theory analogous
to that described here.
Thus, the results of this paper provide an incentive for
new theoretical and experimental investigations.
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